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04 CURVATURE AND GAUSS-BONNET DEFECT OF GLOBAL AFFINEHYPERSURFACES
DIRK SIERSMA AND MIHAI TIBR
Abstrat. The total urvature of omplex hypersurfaes in Cn+1 and its variation
in families appear to depend not only on singularities but also on the behaviour in the
neighbourhood of innity. We nd the asymptoti loss of total urvature towards innity
and we express the total urvature and the Gauss-Bonnet defet in terms of singularities
and tangenies at innity.
1. Introdution
Let Y ⊂ Cn+1 be a global algebrai hypersurfae, the zero lous of a polynomial in n+1
omplex variables. By urvature, denoted by K, we mean the Lipshitz-Killing urvature
of a real odimension two analyti spae Y , with respet to the metri indued by the at
Eulidean metri of C
n+1
. Let dv denote the assoiated volume form. The integral of the
urvature
∫
Y
Kdv will be alled total urvature of Y .
We study here the inuene of the position of Y at innity upon the total urvature of
Y . Computing the total urvature of the projetivised Y¯ wouldn't help, sine the metris
on P
n+1
and C
n+1
are dierent. We shall therefore exploit two ways of omputing the
total urvature of Y : (1). by omparing it with the Euler harateristi χ(Y ), and (2).
by omparing it to the total urvature of a general hypersurfae, after embedding Y into
a family.
The rst approah goes bak to extrinsi proofs of the Gauss-Bonnet theorem. The
failure of this elebrated theorem in ase of open surfaes is a theme whih has been
under onstant attention ever sine Cohn-Vossen's pioneering work [Co℄ in 1935. Sine
our spae Y is not ompat, and possibly singular, we onsider the Gauss-Bonnet defet:
GB(Y ) := ω−1n
∫
Y
Kdv − χ(Y ),
where ωn is a universal onstant, see 2.1.
The seond approah is based on the work of Langevin [La1, La3℄ and Griths [Gr℄ in
the late 70's on the inuene of an isolated singularity upon the total urvature of the
loal Milnor bre in ase of analyti hypersurfae germs. Langevin found the loss of total
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urvature of the Milnor bre at an isolated hypersurfae singularity
1
and expressed it in
terms of ertain Milnor-Teissier numbers µ∗, see 4.
In our global ase, we start from the interplay between the total urvature and the
ane lass of Y , dened as the number of tangent hyperplanes to Yreg in a general global
ane penil of hyperplanes in Cn+1. For suh penils one denes global polar loi whih
are ane urves. We point out here that any global penil of ane hypersurfaes, even
if general, has as a limit the hyperplane at innity H∞, whih may be not in general
position with respet to the projetivised hypersurfae Y¯ .
We show in Theorem 4.1 that there is a seond possible way of losing urvature when
speialising in some family of ane hypersurfaes: towards innity. The formula for the
total urvature an be interpreted as a Plüker-type formula for the lass of ane hyper-
surfaes, see 4.2. In order to get more grip on the meaning of the quantity of urvature
absorbed at innity, we release generality: we onsider Y with isolated singularities and
suh that Y¯ ∩ H∞ has singularities of dimension ≤ 1. This inludes the most studied
ases in the literature, see 5.1. We then express the total urvature, as well as the
Gauss-Bonnet defet, in terms of invariants assoiated to singularities of Y¯ and to the
non-generi setion Y¯ ∩H∞ of Y¯ (Proposition 5.2). We disuss in 6 several examples of
deformations of ane hypersurfaes Y with isolated and also non-isolated singularities.
2. Bakground on the total urvature
2.1. Real submanifolds. For a real orientable hypersurfae of RN one has a well-dened
Gauss map. One denes the Gauss-Kroneker urvatureK(x) as the Jaobian of the Gauss
map at x. For a submanifold V in RN Fenhel [Fe℄ omputes the urvature as follows.
For a given point x on V one onsiders a unit normal vetor n, projets V orthogonally
to the ane subspae W generated by the ane tangent spae to V and this normal
vetor. The projetion of V to W is a hypersurfae, whih has a well dened Gauss-
Kroneker urvature K(x,n). The Lipshitz-Killing urvature K(x) of V in x is dened
(see e.g.[ChL, p. 246-247℄) as the integral of these urvatures over all normal diretions,
up to a universal onstant u: K(x) = u
∫
NxV
K(x,n)dn.
The lassial Gauss-Bonnet theorem says that if V is ompat and of even dimension 2n
then the total urvature is equal, modulo an universal onstant, to the Euler harateristi:
ω−1n
∫
V
Kdv = χ(V ),
where dv denotes the restrition of the anonial volume form and where ωn =
(2pi)n
1·3···(2n−1)
is half the volume of the sphere S2n.
2.2. Complex hypersurfaes. Langevin [La1, La3℄ studied the integral of urvature of
omplex hypersurfaes Y ⊂ Cn+1, using Milnor's approah [Mi℄ to the omputation of the
total urvature from the number of ritial points of orthogonal projetions on generi
lines. We reall here some results and x our notations.
1
More about this topi an be found in Griths' paper [Gr℄.
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The urvatureK(x) of a smooth omplex hypersurfae is the Lipshitz-Killing urvature
of Yreg as a odimension 2 submanifold of R
2n+2
, where Yreg denotes the regular part of
Y . A omputation due to Milnor allows one to express the Lipshitz-Killing urvature of
Y in terms of the omplex Gauss map νC : Yreg → P
n
C
whih sends a point x ∈ Yreg to the
omplex tangent spae of Yreg at x, f [La1, pag. 11℄:
(2.1) (−1)nK(x) = |K(x)| =
2 · 4 · · ·2n
1 · 3 · · · (2n− 1)
|Jac νC|
2.
In the omplex ase the urvature K is well-known to have the onstant sign (−1)n. Using
(2.1) one an prove an exhange formula, as follows.
2
Let H be a hyperplane in Pn, dened
by a linear form lH : C
n+1 → C. For almost all H ∈ Pˇn the restrition of lH to Yreg has
only omplex Morse ritial points. Let αY (lH) be the number of those ritial points
(whih is nite, sine Y is algebrai). On the omplement of the zero-set of its Jaobian,
the omplex Gauss map is a loal dieomorphism with loally onstant degree αY (lH). It
is shown in 3.2 that this number does not depend on H running in some Zariski open
set of Pˇn, the dual projetive spae of all hyperplanes of Pn. So we may denote it by αY .
From the above disussion and from Langevin's [La3, Theorem A.III.3℄, one may draw
the following result:
Lemma 2.1. (Langevin) Let Y ⊂ Cn+1 be any ane hypersurfae. Then:
∫
Y
|K|dv =
2 · 4 · · ·2n
1 · 3 · · · (2n− 1)
∫
Pˇn
αY (lH) dH = ωnαY .

Here the integral
∫
Y
|K|dv is by denition the integral over Yreg. This makes sense
sine Y diers from Yreg by a set of measure zero. The above formula shows in partiular
that, up to the onstant ωn,
∫
Y
|K|dv is a non-negative integer. The real version of the
exhange priniple an be used to give an extrinsi proof of the Gauss-Bonnet theorem
for ompat even dimensional manifolds.
In order to measure the failure of the Gauss-Bonnet theorem in ase of singular or
non-ompat spaes, we use the Gauss-Bonnet defet of Y dened in the Introdution:
GB(Y ) := ω−1n
∫
Y
Kdv − χ(Y ). By the above, the Gauss-Bonnet defet of a omplex
ane hypersurfae Y is an integer. It may be interpreted as the orretion term due to
the boundary at innity of Y , at least in ase Y has isolated singularities, as follows.
Let BR ⊂ C
n+1
be a ball entered at the origin and denote YR := Y ∩ BR and ∂YR :=
Y ∩ ∂B¯R. Sine Y has isolated singularities and is ane, the intersetion Y ∩ ∂B¯R is
transversal and YR is dieomorphi to Y , for large enough radius R. By applying the
Gauss-Bonnet formula for the manifold with boundary YR, see Grith [Gr, p. 479℄, we
2
The exhange priniple was originally used in the framework of total absolute urvature of knots and
embedded real manifolds, by Milnor [Mi℄, Chern-Lashof [ChL℄, Kuiper [Ku℄.
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get:
ω−1n
∫
Y
Kdv − c
∫
∂YR
kds = χ(YR),
where k is the generalised `geodesi urvature' of ∂YR and c is a universal onstant (whih
will be not made preise here). It then follows:
GB(Y ) = lim
R→∞
c
∫
∂YR
kds.
This interpretation suggests that GB(Y ) should be related to singularities whih our
at innity. We shall nd suh a relation in (5.1).
2.3. Plüker's lass formula. Let V ⊂ Pn+1 be a projetive hypersurfae of degree d.
The spae of tangent hyperplanes to Vreg is a subset in the dual Pˇ
n+1
and its losure Vˇ is
alled the dual of V . The degree of Vˇ , denoted by d∗(V ), is the number of intersetion
points of Vˇ with a generi projetive line in Pˇn+1. This is the same as the lass of V ,
the number of tangent hyperplanes to Vreg in a generi penil on P
n+1
. Plüker's lass
formula desribe d∗ in terms of d and of ertain invariants of the singularities of V . The
one proven by Plüker himself in 1834 onsiders urves with nodes and usps. Teissier
generalized it in 1975 to the ase of projetive hypersurfaes with isolated singularities,
and Laumon [Lau℄ found the following equivalent formula, in terms of Milnor-Teissier
numbers of isolated singularities (see 4.3.1):
(2.2) d∗(V ) = d(d− 1)n −
∑
[µ〈n〉 + µ〈n−1〉].
Later Langevin [La2, La3℄ showed the onnetion with the omplex Gauss map and pro-
vided the integral-geometri interpretation of (2.2). Further generalisations, for arbitrary
projetive varieties with isolated singularities, and then without onditions on singulari-
ties, were found notably by Kleiman, Pohl and respetively Thorup, see e.g. [Th℄.
Turning now bak to the ane ase: the positive integer αY (lH) dened at 2.2 an be
interpreted as the degree of the dual variety Yˇ . We shall derive in 4.2 a formula for the
ane lass of Y .
3. Polar invariants, singularities and Euler harateristi
The use of polar methods is naturally suggested by the exhange priniple. On the
other hand, the ane polar invariants determine, via the Lefshetz sliing theory, a CW-
omplex struture of the spae, and therefore its Euler harateristi.
3.1. Polar urves in ane families, after [Ti1℄. Let {Xs}s∈δ be a family of ane
hypersurfaes Xs ⊂ C
n+1
, where δ is a small disk at the origin of C. We assume that the
family is polynomial, i.e. there is a polynomial F : C× Cn+1 → C suh that Xs = {x ∈
C
n+1 | Fs(x) = F (s, x) = 0}. Let us denote by X = ∪s∈δXs the total spae of the family,
whih is itself a hypersurfae in δ×Cn+1. Let σ : X → δ ⊂ C denote the projetion of X
to the rst fator of C× Cn+1.
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Let our ane hypersurfae X ⊂ C × Cn+1 be stratied by its anonial (minimal)
Whitney stratiation S, f. [Te3℄. This is a nite stratiation, having X \ SingX as a
stratum. For instane, if Xs has no singularities and X0 has at most isolated ones, then S
has as lower dimensional strata only these singular points. We shall use the same notation
lH for the appliation C× C
n+1 → C, (s, x) 7→ lH(x), as well as for its restrition to X .
The polar lous of the map (lH , σ) : X → C
2
with respet to S is the following analyti
set:
ΓS(lH , σ) := closure{SingS(lH , σ) \ (SingS lH ∪ SingS σ)},
where SingS σ :=
⋃
Si∈S
Sing σ|Si is the singular lous of σ with respet to S. The singular
loi SingS lH and SingS(lH , σ) are similarly dened.
Lemma 3.1. [Ti1℄ There is a Zariski-open set Ωσ ⊂ Pˇ
n
suh that, for any H ∈ Ωσ, the
polar lous ΓS(lH , σ) is a urve or it is empty. 
Let Ωσ be the Zariski-open set from Lemma 3.1. We denote by Ωσ,0 the Zariski-open
set of hyperplanes H ∈ Ωσ whih are transversal to the anonial Whitney stratiation
of the projetive hypersurfae X0 ⊂ P
n+1
. This supplementary ondition insures that
dim(ΓS(lH , σ) ∩X0) ≤ 0, ∀H ∈ Ωσ,0.
3.2. The α∗ sequene and the Euler harateristi. Let {Xs}s∈δ be any family as
above. We have dened in [Ti2, 3℄ generi polar intersetion multipliities for suh a
family. We shall paraphrase that denition by onsidering only the regular part (Xs)reg
of the hypersurfaes, as follows:
Denition 3.2. Let H ∈ Ωσ,0. The following global generi polar intersetion multipli-
ity:
(3.1) α
(n)
Xs
= mult(ΓS(lH , σ), (Xs)reg).
is well dened for any s ∈ δ and does not depend on the hoie of H ∈ Ωσ,0.
The geometri interpretation of α
(n)
Xs
is the number of Morse points of a generi linear
funtion on (Xs)reg. We shall next dene the lower global polar intersetion multipliities
α
(i)
Xs
by following [Ti2, 3℄. The idea is to onsider suessively general hyperplane slies
of our family and apply Denition 3.2. This idea omes from Teissier's onstrution of
polar multipliities [Te1, Te2, Te3℄.
One takes a general hyperplane H ∈ Ωσ,0 and denotes by α
(n−1)
Xs
the global generi
polar intersetion multipliity at s ∈ δ of the family of ane hypersurfaes X ′ = X ∩H.
One pursues in this way and denes step-by-step α
(n−i)
Xs
, for 1 ≤ i ≤ n − 1. We set
α
(0)
Xs
:= degXs.
By a standard onnetivity argument, the polar intersetion multipliities α
(i)
Xs
do not
depend on the hoies of generi hyperplanes. They are also invariant up to linear hanges
of oordinates but not invariant up to nonlinear hanges of oordinates (e.g. degXs is not
invariant). The numbers α
(i)
Xs
are onstant on δ \ {0}, provided that δ is small enough.
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The geometri interpretation of the sequene of global generi polar multipliities α(i)
also follows, as we have shown above. For instane, if we apply this onstrution to a
single non-singular hypersurfae Y ⊂ Cn+1, by the Lefshetz sliing priniple we get that
Y has the struture of a CW-omplex of dimension ≤ n, with α
(i)
Y ells in dimension i.
Consequently, one may expressed its Euler harateristi as follows:
(3.2) χ(Y ) =
n∑
i=0
(−1)iα
(i)
Y .
In ase of a singular Y , the formula needs orretion; we explain here the ase of isolated
singularities, whih we shall use in 5 (and send to 6.1 for non-isolated singularities and
several examples). By the stratied Morse theory [GM℄ and Lefshetz sliing priniple,
the spae Y is obtained from the generi slie Y ∩H by attahing ones over the omplex
links of eah Morse stratied singularity of the generi penil on Y . The singularities
of the penil on Yreg ontribute by α
(n)
Y . In ase Y has only isolated singularities, the
ontribution at eah suh point-stratum is preisely the Milnor number of the generi
loal hyperplane setion (sine our penil is loally generi at those points), whih, by a
standard argument, is equal to the setional Milnor-Teissier number µ〈n−1〉 (see after (4.9)
for the notation). The slie Y ∩ H and the lower dimensional ones are non-singular. We
therefore get, in ase Y has isolated singularities, the following formula:
(3.3) χ(Y ) =
n∑
i=0
(−1)iα
(i)
Y + (−1)
n
∑
q∈Sing Y
µ〈n−1〉q (Y ).
4. Vanishing urvature and an affine Plüker formula
4.1. The vanishing urvature. We show here that in ase of a family of ane hyper-
surfaes, part of the loss of total urvature may our at innity. We shall denote by
∁BR the omplement in C
n+1
of the ball BR entered at the origin and of radius R. We
shall use the shorter notation α
(n)
s for α
(n)
Xs
in the rest of the paper.
Theorem 4.1. Let Y ⊂ Cn+1 be any hypersurfae. Let {Xs}s∈δ be a one-parameter
deformation of X0 := Y suh that Xs is non-singular for all s 6= 0. Then the following
limit exists:
(4.1) lim
s→0
ω−1n
∫
Xs
|K|dv = ω−1n
∫
X0
|K|dv +mult(ΓS(σ, lH), X0) + α
(n)
0 (∞),
where α
(n)
0 (∞) is a non-negative integer dened as:
(4.2) α
(n)
0 (∞) := ω
−1
n lim
R→∞
lim
s→0
∫
Xs∩∁BR
|K|dv.
Proof. We dedue from Lemma 2.1 the following general formula, by using Denition
(3.2):
(4.3) ω−1n
∫
Xs
Kdv = (−1)nα(n)s .
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It has been remarked in 3.2 that α
(n)
s is onstant for s ∈ δ \ {0}, if the disk δ is small
enough. Therefore the limit lims→0 ω
−1
n
∫
Xs
|K|dv is equal to α
(n)
s .
Let us take H ∈ Ωσ,0 as in 3. From the denition (3.1) of α
(n)
s we get the following
deomposition into a sum of intersetion numbers:
(4.4) α(n)s = α
(n)
0 + α
(n)
0 (crt,H) + α
(n)
0 (∞, H).
The rst term is the intersetion multipliity mult(ΓS(lH , σ), (X0)reg) and we know that
it does not depend on the hoie of H as above and that it is equal to ω−1n
∫
X0
|K|dv,
whih is the rst term in our laimed formula (4.1). The seond term of the sum (4.4)
ounts the number of those intersetion points of ΓS(σ, lH) with (Xs)reg whih tend to
points q ∈ SingX0. This multipliity does not depend on the hoie of generi H . It
then follows that the third term from (4.4), namely α
(n)
0 (∞, H), is also independent on
H ∈ Ωσ,0. It ounts the asymptoti loss of intersetion points of the polar urve ΓS(lH , σ)
with (Xs)reg, as s→ 0. In other words, we have:
(4.5) α
(n)
0 (∞, H) = lim
R→∞
lim
s→0
mult(ΓS(σ, lH), (Xs)reg ∩ ∁BR).
Let us see that this is exatly the double limit dened by (4.2). By the exhange formula
(Lemma 2.1) we have that:∫
Xs∩∁BR
|K|dv = u
∫
Pˇn
αXs∩∁BR(lH) dH,
where u is a onstant dened in Lemma 2.1. Sine this integral is, by denition, bounded
from above by ωnα
(n)
s , we may apply Lebesgues's theorem of dominated onvergene (also
used by Langevin in his loal proof [La1℄). This allows us to interhange eah of the limits
with the integral, thus we get:
lim
R→∞
lim
s→0
∫
Xs∩∁BR
|K|dv = u lim
R→∞
lim
s→0
∫
Pˇn
αXs∩∁BR(lH)dH = u
∫
Pˇn
[ lim
R→∞
lim
s→0
αXs∩∁BR(lH)]dH.
Sine αXs∩∁BR(lH) = mult(ΓS(σ, lH), (Xs)reg∩∁BR), by using now (4.5) we get our laimed
equality. 
In ase of a nonsingular X0, the non-negative integer α
(n)
0 (∞) is preisely the polar
defet at innity whih has been introdued in [Ti2℄ under the notation λn0 . We shall
see in 5 how α
(n)
0 (∞) an be expressed in terms of singularities ourring at innity, in
ertain situations.
4.2. A general Plüker-type formula for the lass of ane hypersurfaes. Let
Y ⊂ Cn+1 be a hypersurfae of degree d. The degree deg(Yˇ ) of the ane dual Yˇ is equal to
the number of tangent hyperplanes to Yreg in a generi ane penil of hyperplanes in C
n+1
.
We shall all it the ane lass of Y in analogy to the projetive ase (see 2.3), and we shall
denote it by d@(Y ). The ane penils (see 3) dier from the projetive penils espeially
in a neighbourhood of innity, sine after projetivising, the hyperplane at innity H∞
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beomes a member of the penil and our hypersurfae Y may be asymptotially tangent
to H∞.
We say that an ane hypersurfae of degree d is general when its projetive losure
is non-singular and transverse to the hyperplane at innity. Its Euler harateristi is
equal to 1+(−1)n(d−1)n+1. The polar intersetion number α(n) (Denition (3.1)) is then
maximal; by Bézout theorem, it is equal to d(d− 1)n.
Next, let us remark that one may always deform Y := X0 in a onstant degree family
suh that Xs is general, for s 6= 0. For instane, for X0 := {f = 0}, dene fs =
(1− s)f + s(gd − 1), where gd = x
d
1 + · · ·+ x
d
n+1. Then Xs := {fs = 0} has this property,
for small enough s 6= 0.
Considering some deformation of Y = X0 in a onstant degree family of general hyper-
surfaes, we may derive from Theorem 4.1 the following formula for the ane lass:
(4.6) d@(X0) = d(d− 1)
n −mult(ΓS(σ, lH), X0)− α
(n)
0 (∞).
This an be made more expliit in ase of isolated singularities, with help of the forth-
oming formulas (4.7) and (5.3).
4.3. Case of isolated ane singularities.
4.3.1. Polar multipliity. In our global ase, if X0 = Y has only isolated singularities,
then one may identify the intersetion multipliity in the formula (4.1) as follows:
(4.7) mult(ΓS(σ, lH), X0) =
∑
q∈SingX0
[µ〈n−1〉q (X0) + µ
〈n〉
q (X0)].
This omes from the equality for the generi loal polar multipliity:
(4.8) multq(ΓS(σ, lH), X0) = µ
〈n〉
q (X0) + µ
〈n−1〉
q (X0)
proved by Teissier [Te2, Te3℄ when X0 is the germ of the zero lous of a holomorphi
funtion (Cn+1, 0) → C. It is atually well-known that the loal equality (4.8) is valid
for any smoothing of X0. In our ase the loal smoothing is embedded in the global
smoothing σ : X → C.
In the loal ase, for a germ of a holomorphi funtion with isolated singularities g :
(Cn+1, 0) → (C, 0), Langevin's formula [La1, Théorème 1℄ shows that the loss of total
urvature at an isolated singularity is measured by the sum of the rst two Milnor numbers
of the sequene µ∗ dened by Teissier [Te2℄:
(4.9) lim
ε→0
lim
t→0
∫
g−1(t)∩Bε
|K|dv = ωn(µ
〈n〉 + µ〈n−1〉).
Here µ〈n〉 denotes the usual Milnor number and µ〈n−1〉 is the Milnor number of a generi
hyperplane setion
3
. The sum µ〈n〉 + µ〈n−1〉 is preisely the loal generi polar number of
g, i.e. the intersetion number of the loal polar urve Γ(g, lH) with g
−1(0).
3
Indies are shifted by -1 from the original Teissier notation.
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4.3.2. Gauss-Bonnet defet. For ane Y with isolated singularities (still without any
ondition at innity), the following formula follows from (3.3) and (4.3):
(4.10) GB(Y ) = (−1)n−1
∑
q∈Sing Y
µ〈n−1〉q (Y )−
n−1∑
i=0
(−1)iα
(i)
Y ,
where the sum
∑n−1
i=0 (−1)
iα
(i)
Y is just χ(Y ∩H).
5. Total urvature and singularities at infinity
We fous in the remainder on explaining the loss at innity of the total urvature and
the Gauss-Bonnet defet in some distinguished lasses of hypersurfaes.
5.1. Some natural lasses of hypersurfaes.
Denition 5.1. (i) Y is a F-type hypersurfae if Y¯ and Y¯ ∩H∞ have at most isolated
singularities.
(ii) Y is a B0-type hypersurfae if Y¯ has at most isolated singularities.
4
(iii) Y is a B1-type hypersurfae if Y has at most isolated singularities and Y¯ ∩H
∞
has
at most isolated 1-dimensional singularities.
It is easy to see that F -type ⊂ B0-type ⊂ B1-type.
In order to introdue the main result of this setion, we need to onsider generi hy-
perplanes, in the following sense. Let W be some Whitney stratiation of Y¯ suh that
Y¯ ∩H∞ is a union of strata. Let H ⊂ Cn+1 be a hyperplane suh that H¯ is generi with
respet to the strata of W. There exists a Zariski-open subset of suh hyperplanes, see
3 for a similar disussion.
Proposition 5.2. (a) If Y is a B1-type hypersurfae of degree d then:
(5.1) GB(Y ) = (−1)n(d− 1)n − 1 + (−1)n+1
∑
q∈Sing Y
µ〈n−1〉q (Y )+
(−1)n+1[µp(Y¯ ∩ H¯) + µ(Y¯ ∩ H¯ ∩H
∞)].
(b) If Y is a B0-type hypersurfae of degree d then:
(5.2) ω−1n
∫
Y
Kdv = (−1)nd(d− 1)n + (−1)n+1
∑
q∈SingY
[µ〈n〉q (Y ) + µ
〈n−1〉
q (Y )]+
(−1)n+1
∑
p∈(Sing Y¯ )∩H∞
µp(Y¯ ) + (−1)
n+1µ(Y¯ ∩ H¯ ∩H∞) + χn,d − χ(Y¯ ∩H∞),
4
The topology of B0-type polynomials has been studied in several papers, see e.g. Broughton's [Br℄
and [ST℄.
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where χn,d denotes the Euler harateristi of the generi hypersurfae of degree d
in P
n
and where µ(Y¯ ∩H¯∩H∞) is a notation for
∑
p∈H¯∩Sing(Y¯ ∩H∞) µp(Y¯ ∩H¯∩H
∞).
Proof. We have by (4.10): GB(Y ) = (−1)n−1
∑
q∈Sing Y µ
〈n−1〉
q (Y )−χ(Y ∩H). Now Y ∩H
is F -type and we may ompute its Euler harateristi by taking a deformation of Y = X0
in a onstant degree family suh that Xs is general for s 6= 0, as follows:
χ(Xs∩H)−χ(X0∩H) = [χ(X¯s∩H¯)−χ(X¯0∩H¯)]+[−χ(X¯s∩H¯∩H
∞)+χ(X¯0∩H¯∩H
∞)]
= (−1)n−1
∑
p∈Sing(X¯0∩H¯)
µp(X¯0 ∩ H¯) + (−1)
n−1
∑
p∈Sing(X¯0∩H¯∩H∞)
µp(X¯0 ∩ H¯ ∩H
∞).
We then get (5.1) sine χ(Xs ∩H) = 1 + (−1)
n−1(d− 1)n. Let us prove (b) now. For the
B0-type hypersurfae Y = X0, the singularities of Y¯ are isolated but those of Y¯ ∩H
∞
are
of dimension at most 1. We therefore have:
χ(X0)− χ(Xs) = χ(X¯0)− χ(X¯s)− χ(X¯0 ∩H
∞) + χ(X¯s ∩H
∞) =
(−1)n+1
∑
q∈SingX0
µ〈n〉q (X0) + (−1)
n+1
∑
p∈(Sing X¯0)∩H∞
µp(X¯0) + χ
n,d − χ(X¯0 ∩H
∞).
We then get our result from the denition of GB, by using the equality (5.1). 
Comparing (5.2) to (4.1) and to (4.7) we get, for a deformation of Y = X0 in a onstant
degree family suh that Xs is general for s 6= 0:
(5.3) α
(n)
0 (∞) =
∑
p∈(Sing Y¯ )∩H∞
µp(Y¯ ) + µ(Y¯ ∩ H¯ ∩H
∞) + (−1)n+1[χn,d − χ(Y¯ ∩H∞)].
Remark 5.3. As a partiular ase of (5.2), the following formula holds for an F -type
hypersurfae:
(5.4) ω−1n
∫
Y
|K|dv = d(d− 1)n −
∑
q∈Sing Y
[µ〈n〉q (Y ) + µ
〈n−1〉
q (Y )]
−
∑
p∈Sing(Y¯ ∩H∞)
[µp(Y¯ ) + µp(Y¯ ∩H
∞)].
The ontribution from the ane singularities is ontained in the rst of the two sums:
one reognizes the Milnor-Teissier numbers of formula (2.2). The seond sum is due to
the singularities at innity: the number µp(Y¯ ) + µp(Y¯ ∩H
∞) is exatly the loal polar
number λp = multp(Γ(σ, x0), X¯0) of the polar urve of the family {Xs}s with respet to
the loal oordinate at innity x0, whih is not a loally generi oordinate
5
(ompare to
4.3.1). Loal polar numbers, introdued by Teissier in [Te1℄, are well dened as soon as
the polar lous is a urve.
5
In this ontext, it was used in [Ti2, 3.7℄.
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We shall give an example of a F -type family speialising to a B0-type hypersurfae,
suh that the Euler harateristi is onstant but the total urvature jumps (Example
6.2).
5.2. Conentration of the loss of total urvature at innity. In the ase of F -type
hypersurfaes there is pointwise onentration of the loss of total urvature at innity, see
(5.4). This might be no longer the ase for B-type or more general lasses of hypersurfaes:
in formula (5.2) we have Euler harateristis and dependene on the slie H¯. The loss
of total urvature at innity is nevertheless onentrated at the singular lous of the set
Y¯ ∩H∞.
5.3. Ane urves and the orretion term at innity. Let C := {f = 0} ⊂ C2 be
a non-singular omplex ane urve of degree d. We get from (5.1):
(5.5) GB(C) = −d.
The well-known inequality due to Cohn-Vossen [Co℄ tells that GB(M) ≤ 0 if M is a om-
plete, nitely onneted Riemann surfae having absolutely integrable Gauss urvature.
Let now r be the number of asymptoti diretions of C, i.e. the number of points in the
set {fd = 0}, where fd denotes the degree d homogeneous part of f . Let us point out that
sine C¯∩H∞ onsists of r points, the sum of Milnor numbers
∑
p∈Sing(C¯∩H∞) µp(C¯∩H
∞) is
preisely d− r. By applying formula (5.4), sine non-singular plane urves are of F -type,
we get:
(5.6)
ω−1n
∫
C
|K|dv = d(d− 1)−
∑
p∈Sing(C¯∩H∞) µp(C¯)− d+ r =
= d2 − 2d+ r −
∑
p∈Sing(C¯∩H∞) µp(C¯).
Comparing this to the formula found by Risler [Ri, Proposition 4.2, (15)℄ for a non-
singular omplex ane urve C, one noties that the latter does not ontain the sum∑
p∈Sing(C¯∩H∞) µp(C¯). Therefore Risler's formula would not be valid when the ompati-
ation C¯ is singular. However, Risler uses his formula in lo.it. only in the ase r = d,
whih implies that the ane urve C is general at innity. In this speial ase indeed
formula (5.6) redues as suh.
5.4. Semi-ontinuity and extrema of urvature integrals. For any family {Xs}s∈δ
of ane hypersurfaes we have:
(5.7) ω−1n
∫
X0
|K|dv = α
(n)
0 ≤ α
(n)
s = (ωn)
−1
∫
Xs
|K|dv.
The total urvature is therefore bounded as follows: 0 ≤ ω−1n
∫
X0
|K|dv ≤ d(d− 1)n.
For a general hypersurfae X0, the equality ω
−1
n
∫
X0
|K|dv = d(d− 1)n holds. We laim
that the reiproal is true. Indeed, if X0 is not general then there exists a deformation
{Xs}s suh that: Xs is of F -type for s 6= 0, X¯0 is non-singular and X¯0∩H
∞
is non-singular
exept at one point, say p, where the singularity is of type A1, i.e. µp(X¯0 ∩ H
∞) = 1.
Aording to (5.4) we then have: ω−1n
∫
Xs
|K|dv = d(d− 1)n− 1, whih, together with the
semi-ontinuity relation (5.7), gives a ontradition.
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What happens now when the minimum ours, i.e. the total urvature of X0 is zero?
For the ase of non-singular X0, the answer is the following: (ωn)
−1
∫
X0
|K|dv = 0 implies
that the map lH : X0 → C, for H ∈ Ωσ, is a trivial bration; in partiular bn(X0) = 0.
This is a onsequene of the fat that α
(n)
0 = 0 implies that there are no n-ells in the
CW model of X0, see 3.2.
6. examples
Example 6.1. We show rst how to ompute the total absolute urvature diretly from
equation (4.3). Let f : C3 → C, f(x, y, z) = x+ x2yz. We onsider the family Xs = {f =
s}, see [Ti2, Example 3.8℄. The generi polar intersetion multipliities and the defets at
innity in the neighbourhood of the value 0 are given in [Ti2℄; from those results we may
extrat the folowing data: α
(2)
s = 5, α
(1)
s = 8, α
(0)
s = 4 for s 6= 0, and α
(2)
0 = 3, α
(1)
0 = 6,
α
(0)
0 = 4. We get: ω
−1
2
∫
Xs
|K|dv = 5 if s 6= 0 and ω−12
∫
X0
|K|dv = 3.
The variation of total urvature is 2 and is equal to the vanishing urvature at innity
α20(∞), as dened in Theorem 4.1. Therefore the urvature of Xs is not onstant in the
family, even if Xs is nonsingular and χ(Xs) = 1 for all s ∈ C (see lo.it.). It is also lear
that the family is not topologially trivial, sine the number of onneted omponents of
the bers hange at s = 0.
Example 6.2. Consider the double parametre familyXs,t = {fs = x
4+sz4+z2y+z = t}.
This deforms the B0-type hypersurfae X0,t into a F -type one Xs,t for s 6= 0, see [ST,
Example 6.5℄. We reall that, for all s, fs has a generi bre, whih is homotopy equivalent
to a bouquet of three 2-spheres. There are no ane ritial points and t = 0 is the only
atypial value of fs.
In order to ompute the total urvature we use formulas (5.4) and (5.2) for the B0-type
(s = 0) and (5.4) for the F -type (s 6= 0). The input for the formulas is in the table below.
The omputation of χ(Xs,t) is via the urvature by using the Gauss-Bonnet defet. Let
us reall a few fats from [ST℄:
(1). X¯s,t has isolated singularities at innity in p := ([0 : 1 : 0], 0) for all s and in
q := ([1 : 0 : 0], 0) for s = 0. The µ's are listed in the table.
(2). The singularities of X¯s,t ∩H
∞ ⊂ P2 hange from a single smooth line {x4 = 0} into
the isolated point p with E˜7 singularity.
(3). The spae X¯s,t ∩ H¯ ∩H
∞
has a single singularity of type A3 for s = 0 and is smooth
if s 6= 0.
(4). The hange on the level of χ(X¯s,t ∩ H
∞) is from 2 to 5, so ∆χ∞ = −3. Note that
χ2,4 = −4. In the table we use as notation ∆χ = χ2,4 − χ(X¯s,t ∩H
∞).
(s, t) µp(X¯s,t) + µq(X¯s,t) µ(X¯s,t ∩ H¯ ∩H
∞) (−1)n+1∆χ α
(2)
s,t χ(Xs,t)
(0, 0) 18 + 3 3 4 + 2 36− 30 = 6 6− 6 = 0
(0, t) 15 + 3 3 4 + 2 36− 27 = 9 9− 6 = 3
(s, 0) 18 + 0 − 9 36− 27 = 9 9− 9 = 0
(s, t) 15 + 0 − 9 36− 24 = 12 12− 9 = 3
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NB. In notations like (0, t) we mean here that t 6= 0.
Let us point out that in this example we have, for eah xed t, a χ-onstant family
Xs,t of onstant degree, but with non-onstant total urvature. It turns out (by using a
oordinate hange in the variable y) that atually this family is topologially trivial.
6.1. Examples with non-isolated ane singularities. In ase Y is singular, one may
orret the formula (3.2) by dening the level n orretion terms β
(n)
Y as follows:
(6.1) χ(Y ) = χ(Y ∩ H) + (−1)n[α
(n)
Y + β
(n)
Y ].
Remark that we have found β
(n)
Y more expliitely in ase Y has only isolated singularities,
see (3.3). For Y with non-isolated singularities, one needs lower level orretions β
(i)
Y ,
i ≤ n, whih one denes by using equalities analogous to (6.1) for suessive slies. It
follows that β
(n−i)
Y = 0 for i > dimSing Y . We show in the following Examples 6.3 and
6.4 how the lower β's our in ase of Y has one-dimensional singularities.
Example 6.3. Consider the family given by a single polynomialXs = {f = x
2+x3y+z4 =
s} and note that f has a non-isolated singularity. The ritial set is the y-axis, with
onstant transversal type A3, and the only atypial value turns out to be 0. A generi
ane penil produes a polar urve, whih has 12 intersetions points with Xs if s 6= 0.
It has 6 intersetions with (X0)reg and no intersetion with SingX0, therefore six points
disappear at innity. This gives the values of α(2) in the table below. We have β
(2)
Xs
= 0 for
all s sine Xs is non-singular for s 6= 0 and X0 has a non-singular 1-dimensional singular
lous with onstant transversal type.
We onsider next the restrition of f to a generi hyperplane setion. We use the plane
H dened by y = px+ qz + r. This gives us the polynomial
g = x2 + px4 + qx3z + z4 + rx2z = s
The diret omputation of α(1) turns out to be involved, so we hoose the following way.
For generi (p, q, r), the bers of g are general at innity, of degree 4. So χ(Xs∩H) = −8
for s 6= 0. If s = 0 then X0∩H has a A3 singularity, whih has as eet χ(X0∩H) = −5.
By sliing again g we get 4 points: this gives α(0) + β(0) in the table below.
Next the omplex links: the bre X0 has a singular stratum whih is linear and with
transversal A3 singularity. Its omplex link ontributes with β
(1) = 1. If s 6= 0 the bre
is smooth, so all betas are zero. Using the notations χ2 = χ(Xs), χ
1 = χ(Xs ∩ H),
χ0 = χ(Xs ∩H ∩H
′), the table with all information looks as follows:
α(i) β(i) α(i) + β(i) χi i α(i) β(i) α(i) + β(i) χi
6 0 6 1 2 12 0 12 4
8 1 9 −5 1 12 0 12 −8
4 0 4 4 0 4 0 4 4
s = 0 s 6= 0
We get
∫
Xs
|K|dv = 12ω2 if s 6= 0 and
∫
X0
|K|dv = 6ω2. The vanishing of urvature
is only due to the onentration at innity: although we have an ane non-isolated
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singularity, there is no loss of total urvature in the ane part. Note also:∫
Xs∩H
|K|dv = 12ω1 if s 6= 0 and
∫
X0∩H
|K|dv = 8ω1 and that on this level there is an
ane loss of total urvature.
Example 6.4. Consider f = x2y + x3y2 + z5 = s. This an be treated in the same way.
The polynomial has a non-isolated smooth 1-dimensional ritial set (y-axis), but with a
non-trivial omplex link on the level i = 2 (modelled on the Whitney umbrella) and an
isolated singularity on level i = 1. There is also an ane ontribution to the loss of total
urvature. The orresponding table is:
α(i) β(i) α(i) + β(i) χi i α(i) β(i) α(i) + β(i) χi
10 2 12 1 2 32 0 32 17
15 1 16 −11 1 20 0 20 −15
5 0 5 5 0 5 0 5 5
s = 0 s 6= 0
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